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Introduction 

Weak bialgebras and weak Hopf algebras are generalizations of ordinary bial¬ 
gebras and Hopf algebras in the following sense: the axioms are the same, but 
the multiplicativity of the counit and comultiplicativity of the unit are replaced by 
weaker axioms. Perhaps the well-known easiest example of a weak Hopf algebra is a 
groupoid algebra; other examples are face algebras j6], quantum groupoids [7] and 
generalized Kac algebras [9]. A purely algebraic approach can be found in j2] and 

m- 

The smash products considered in [8] and [10] are unital algebras since the 
tensor products are over suitable algebras. In this case, the application defined in 
[8] is an isomorphism, however, when we consider the same smash products of [8] 
and [10] over a field, they are not necessarily unital algebras. Thus, our purpose is to 
present a generalization of Blattner-Montgomery duality obtained in ([8], Theorem 
3.3) in the case of groupoid algebras and the tensor products over a field. Moreover, 
we obtain a relationship between our results and the results obtained in ([5], Section 
5). 
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It is convenient to point ont that onr results are different from [5]. The authors 
in [5] studied the Blattner-Montgomery’s duality in the case of i? Gjjit'G*, where 
G is a groupoid, (3 is an action of G in i? and KG* is the dual weak Hopf algebra 
of KG. In this paper, we consider the smash product of type B^KG^KG*, where 
KG is a weak Hopf algebra acting on B and KG* is the dual weak Hopf algebra. 
In this paper we complete the studies of the duality of Blattner-Montgomery of ([5], 
Section 5) considering the algebra B'^KG'^KG* and we obtain a link between our 
results and the ones in ([5], Section 5). 

The paper is organized as follows: in the Section 1 we give some preliminaries 
about weak Hopf algebras, weak Hopf module algebras, weak smash products and 
groupoids, see [3] and [4] for more details. In the Section 2, we present our main 
results. We consider the application dehned in ([8], Lemma 3.1), but the tensor 
products are over a held K. In this case, we completely describe the nucleons 
and the image and we obtain an exact sequence of algebras where we relate our 
description of the image with the results obtained in ([5], Section 5). 

1 Preliminaries 

In this section, we present some preliminaries that will be necessary during 
this paper. 

We begin this section with the following dehnition, see jl] and [1] for more 
details. 

Definition 1.1. Let K he a field. A weak K-bialgebra H is a K-module with a K- 
algebra structure and a K- coalgebra structure (A,e) such that the following 

conditions are satisfied: 

(i) A(hk) = A(h)A(k), for all h,k ^ H; 

(a) A^(l) = li 0 l2l'i 0 I 2 = li 0 l'il2 ® I 2 / 

(Hi) e{hkl) = e{hki)e{k 2 l) = e{hk 2 )e{kil), for all h,k,l ^ H. 

Moreover, a weak K-bialgebra H is a weak Hopf algebra if there exists a k-linear 
map S \ A ^ A, called the antipode, satisfying the following additional conditions: 
(i) XiS{x 2 ) = e(lia:)l 2 , for all x G H ; 

(a) S{xi)x 2 = lie(a:l 2 ), for all x G H ; 
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(in) S{xi)x 2 S{x^) = S{x), for all x E H. 

We used the Sweedler-Heyneman notation for the comultiplication, namely 
A(h) = hi®h2. 

The following definition appears in [1]. 

Definition 1.2. Let G be a non-empty set with a binary operation partially defined, 
i.e, for g,h E G we write 3gh when the binary operation gh is defined. An element 
e E G is called identity if 3eg and 3ge, then eg = g = ge and the set of identities 
of G will be denoted by Gq. The set G is called groupoid if the following conditions 
are satisfied: 

(Gl) For all g,h,l E G, if 3g{hl) and 3{gh)l, then g{hl) = {gh)l; 

(G2) For all g,h,l E G, 3g{hl) if and only if 3gh and 3hl; 

(G3) For each g E G there exists unique elements s{g),t{g) E G such that 
3s{g)g and gt{g) = g = s{g)g; 

(Gf) For each g E G there exists an unique element g~^ E G such that t{g) = 
g~^g and s{g) = gg~^. In this case, s{g) is called source of g and t{g) is called the 
target of g. 

The following lemma appears in [1]. 

Lemma 1.3. Let G be a groupoid. Then the following statements hold. 

(1) For any g,h E G, 3gh if and only ift{g) = s{h) and in this case s{gh) = 
s{g) and t{gh) = t{h). 

(2) For any g,h E G, 3{gh)~^ if and only if3h~^g~^ and in this case {gh)~^ = 



We set G 2 = {{g, h) E G x G : t{g) = s{h)} = {{g, h) E G x G\3gh}, i.e., the 
set of pair of elements of G where the product exists. 

Let G be a groupoid and K a field. Then the groupoid algebra WG is the 
W-vector space whose basis is {ug\g E G} with usual sum and multiplication rule 




Ugh, if t{g) = s{h) 
0 , otherwise 


From [ 5 , KG is a weak Hopf algebra with operations A : KG —)■ KG ® KG, 
e : KG —)■ K and S : KG —)■ KG dehned by A{ug) = Ug Ug, e{ug) = Ik and 
S{ug) = Ug- 1 , for all g E G. Moreover, if G is a groupoid such that Gq is a hnite 
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set, then is an nnital weak Hopf algebra whose identity is 'Yhe&Co see j3] for 
more details. 

Let G be a groupoid with a hnite nnmber of elements, K a held and KG* 
the dual algebra. As in [1], we have A : KG* KG* ® KG*, e : KG* —?• K 
and S : KG* KG* dehned by A{pg) = J2hi=gPh ® Pi = Y.t{g)=t{h) Pgh-^ ® Ph, 
e(^rgPg) = Ue and S{agPg) = ttgPg-i. We easily have that KG* is a weak 

Hopf algebra, see for more details. 

We hnish this section with the dehnition of weak Hopf module algebra, weak 
smash product and related subjects, see 0.0 and |8] for more details. 

Definition 1.4. Let KG he the weak Hopf algebra of groupoid type and B a K- 
algebra. We say that B is a left weak KG-module algebra if there exists an action 
. : KG ® B ^ B such that the following conditions are satisfied: 

(i) B is a left KG-module. 

(a) a{ah) = ((Ti.a)(cr 2 .&) 

(in) crls = 

Suppose that iLG is a weak Hopf algebra of hnite dimension and B a left weak 
Hopf AG-module algebra. Similarly with [H] the weak smash product B'^KG is the 
tensor product B ®k KG with usual sum and multiplication rule is 

Note that, in this case, Ib^^kg is not necessarily an identity of B‘),KG. Since KG 
is a hnite dimensional weak Hopf algebra, we have that KG* the dual weak Hopf 
algebra and we have the double smash product B(,KG(,KG* as the tensor product 
B ®K KG ®K KG* with usual sum and multiplication rule is {a'^Umfpn){h’^Us'),pt) = 
{a'^Um){Pn (&tl'^s))tiPn * pt)^ where the action of KG* on B(,KG is dehned by 

Ph (6K) = b'^ph{ui)ui, 

and for each f,gE KG*, f * g is the convolution product dehned by (/ * g){6a) = 
creG. 
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2 A study of Blattner-Montgomery’s duality 


In this section, we present the main resnlts of this paper. From now on K will 
always denote a field, all the tensor prodncts will be over K, H = KG, where G 
is a finite groupoid and the smash products B'^KG and B^KG^KG* as the tensor 
product B ®K KG and 

B KG KG*, 

respectively, with usual sum and multiplication rule defined as in the last section. 
Note that Ib^^kg and are not necessarily the identities of B'^KG and 

B'i^KG'i^KG*, respectively. 

The following result was proved in [1] and it is used from now on without 
further mention. 

Proposition 2.1. Suppose that B is a left weak KG-module algebra. Then {e.ls|e 6 
Go} is a set of central orthogonal idempotents in B and B = ®{x£Go}Bx, where 
Bx = B{x.1b) = B{t{x).lB) = Bt[x) 

We consider the subsets Ai = {g.a'^Ug'^ph\{g,h) G G2 and s{g) = t{g)}, A2 = 
{g.a'^,Ug'^,ph\{g, h) e G2, and s{g) ^ t{g)}, A3 = {a'^,Ug'^,ph\a G B, {g, h) ^ G2}, A4 = 
{ajjrtgjlp/ila G Bi,a ^ Bg,{l,g) G2, ((?,/) ^ G2,{g,h) G G2}, A5 = {a'^Ug'^ph\a G 
Bi,a ^ Bg,{l,g) G G2,{g,l) ^ G2,{g,h) G G2,s{g) 7^ Ag = {a^Ug^ph\a G 

Bi,a ^ Bg,{l,g) ^ G2,{g,l) G G2,{g,h) G G2}, A7 = {a^Ug^^phla ^ Bg,{g,h) G 
G2,a G Bi,{l,g) G G2,{g,l) G G2,s{g) = t(g)}, Ag = {ajjrtgjjp/i|a G Bi,a ^ 
Bg-,{l-,g) G G2,{g,l) G G2,{g,h) g G2,s{g) ^ tig)}, Ag = {a'^Ug^ph\a ^ Bg,a G 
Bi, {g, h) G G2, {l.g) G G2, {g, 1 ) i G2, s{g) ^ t{g)} and Aio = {ajj^gtlPhla ^ Bg,a e 
Bi,{g,h) G G2, (/,(/) G G2,{g,l) ^ G2,s{g) = t{g)} of and we easily 

have that B^KG^KG* = A3 T A2 T A3 T A4 T A5 T Ag T A7 T Ag T Ag T A^o- 

Analogously to m, Lemma 3.1) we have the homomorphim p : B^KG^KG* —>■ 
End{B^KG)B defined by p{b'^Uh'^pi){a'^Um) = {b'^Uh){a'^pi Um) and in the next 
theorem we completely describe the nucleons and the image. 

Theorem 2.2. Let B a left weak KG-module algebra and p : B‘^KG‘^KG* —?• 
EndB^B^KG) defined by 

p{a'^,Ug'^,ph){b]\ui) = {a'^,Ug){b'^ph ui). 
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Then kerip = A3 + A4 + A5 + Aq and Ai fl ker(p = ( 0 ), for i G { 1 , 2 , 7 , 8, 9 , 10 }. In 
this case, Irmp ~ {B^KG'^KG*)/kercp ~ + A2 + A7 + Ag + Ag + Aio 


Proof. Let a'^Ug'^ph G A3. Then 

p{a'^,Ug'^,ph){b]\ui) = {a'^,Ug){b]\ph ui) = 


{a'i\Ug){b'i\ui) if 1 = h 
0 if I ^ h 


Since {g, h) ^ G2 we have that p{a'i^Ug'^ph){b'^ui) = 0 . 

Let a'^Ug'i^ph G A4. Then 

( 

(atltig)(6tl«m) if m = h 


= {a'^Ug){b'^ph) ^Um = 
li m = h, then we have that 


t) if m ^ h 


{a'^Ug){b^Uh) = a{g.b)'^Ugh = a{h.lB){g.lB){.g-b)'^Ugh = a{t{h).lB){t{g).lB){g.b)'^Ugh. 

By the fact that {l,g) ^ G^, we have that a{l.lB){h.lB){g.lB){.g-b) G Big = 0. Thus, 
ajjMgtlp/i G kerp and it follows that A4 C kerp. By similar arguments we show that 
A5 C kerp. Next, let ajltigtlph e Aq. Then, p{a'^Ug'^ph){b'^Um) = {a'^Ug){b'^ph) 

I {a^Ug){b^Uh) if m = h I 

Um) = < > • Suppose that m = h. Hence, we have that 

1 0 if m ^ h J 

p{a^Ugyh){b^Um) = {a^Ug){b^Uh) = a{g.b)^Ugh and it follows that 

<p(atl%tlph)(&tl«m) = a{g.b)'^,Ugh = a{t{l).lB){t{g).lB){g-b)'^,Ugh = 0, 

because if t{l) = t{g), then we would have a G Bg, which contradicts the fact that 
a ^ Bg. Consequently, Aq C kerp. 

We show that Ai fl kerp = (0), for i G {1, 2, 7, 8 , 9,10}. In fact, let g.a'^Ug'^ph G 
Hi and s = G B^KG^KG*. Then, 

p{g.a'^Ug'^Ph){YeGGo^-^B'^Uh) = EeeGo(^-®K)(e-lsttw/i) = {9-4uh)- 
and we have that Hi ^ kerp. Thus, Hi nker(p = (0). Let a'^Ug'^ph G Hg and 
{g-^l).lBUKG e B'^KG. Then p{a‘^,Ug\^ph)iig~^l).lBUKG) = {a‘^,Ug){{g-^l).lB‘i,Uh) = 

a{g{g~^l).lB)^Ugh = a{s{g){l.lBMugh = a{l.lB)^Ugh = a'^Ugh and we obtain that 
Hg ^ kerp and Hg fl kerp = (0). Let a'^Ug'^ph G Hio and t{l).lB^Uh G B'^KG. 
Then, p{a'^Ug'^ph)(t{l)lB'^Uh) = a'^Ugh. Hence, Hio ^ kerp and we obtain that 
Hio n kerp = (0). The same arguments used to prove that Hi fl kerp = 0, 


6 



As n kenp = 0 and Aiq fl kenp = 0 can be used to prove that A2 fl kenp = 0, 
Aj n kenp = 0 and Ag fl kerp = 0, respectively. 

Now, by the fact that B'^KG'^KG* = Ai + Ag + A^, + A^^ + A^ + Aq + A^i + 

As + Ag + Alo we have that kerp = A3 + A4 + A5 + Aq. 

So, Imp ~ {B'^KG'^KG*)/kerp Ai + Ag + Aj + As + Ag + Aio □ 

During the rest of this paper, we use the sets Ai, Ag, A3, A4, A^, Aq, Aj, As, 
Ag, Aig and the decomposition B'i^KG'i^KG* = Ai + Ag + A3 + A4 + A^ + Aq + Aj P- 
As + Ag + Aig mentioned as before. 

During the next three results we proceed to study with more details about the 
algebra Imp 

Proposition 2 . 3 . AiP- A-j + Aiq is a subalgebra of B^KG^KG* . 

Proof. Let f\ = g.a^Ug^ph e Ai and fg = b^Ug>^ph> e A^. Then 

/ 1/2 = {g-a'^,Ug){b'^, 5 hk-\g'Ug''Ah,h'Pk)- (*) 

Note that hk~^ = g' ^ g'~^h = k. If either s{g') 7^ t{g) = s{h) or s{g') = 
t{g) = s{h) and t{h) 7^ t{h'), then we have that fifg = 0 . Now, suppose that 

s{g') = t{g) = s{h) and t{h) = t{h'). Thus we can take k = g'~^h = h'. Hence 

/1/2 = {g-a'i^Ug){h'^Ug')‘^Ph = g{ab)'^Uggiyh- By the fact that s{g) = t{g), we have that 
s{gg') = t{gg') and it follows that {g,gg') G Gg and {gg',g) G Gg. Consequently, 
either fifg G Hi or fifg G H7. So, H1H7 C Hi + H7 + Hiq. 

Using similar methods we show that H7H10 C H1 + H7 + H10, H7H1 C H1 + H7 + 
Hio, H10H7 C Hi + H7 + Hio, HiHio C Hi + H7 + Hio and HiqHi C Hi + H7H10. □ 

Proposition 2 . 4 . The element y = J 2 ieG^-^B'^'^tii)'^^t{i)=s{g) Pg identity of 

Hi + H7 + Hiq. 

Proof. It is not difficult to see that y G Hi + H7 + Hiq. Let a'^Ug'^ph G H7. Then 

/IsjjWliqtj Pn) = {0-^Ug){'^i^Ql.lB^5hk-''^,t{l)Ut{l))^dk,nPk- (*) 

Note that there exists I G G such that t{l) = s{h) and in this case we may 
assume that I = t{g). Thus, we obtain that k = t{l)h = h and we have that there ex¬ 
ists n E G with t{n) = s{g) such that n = h. Hence, (*) = {a'^Ug){t{g).lB'^Ut{g))'^ph = 
a{t{g)lB)'i\Ugyh = a^Ug^h- 

We also consider the following equality 
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(XlieG X/t(«)=s(n) Pri){,Oj'^Ug'^Ph) — {^i^q {1 ■^B'^Ut(l)){aj'^5nk-^,gUg)'^5k,hPk- 

Note that we can take n = gh and k = h. Thus, the last equality becomes 
(EzeG^-lsK(/))(atl«fftlP/i) = E«GG^( 0 -«K(/)fftlP/i)- Since we can take / = s{g), then 
(J2iGG^-^B'\\Ut{i)){a'^Ug'^Ph) = {s{g).a'^Ug'^ph). By the fact that a'^Ug'^ph G A 7 , we have 
that a G Bm, for some m E G such that (m, g) G G2 and it follows that t{m) = s{g). 
Hence, {s{g).a'^,Ug'^,ph) = atl^gW- 

By similar arguments we show that 

(X/ieG X/t(z)=s(n) ~ B‘^‘Bg‘^ph, for all a^^Ug^ph G Aiq. 

Finally, let g.a'^Ug'^ph G Ai. Then 

(XlzeG '^t{l)=s{n) Pn){g-0-^Ug^Ph) = 

T.ieGi^-^B^upi)){g.a^ 6 nk-pgUg)iSk,hpk)-{* *) 

Note that there exists / G G such that t{l) = s{g). In this case, we have that 
k = h and n = gh. Consequently, (**) = {l.lB'^Ut(p){g.a'^Ug)yh = g.a\\Ug‘^ph. By 
similar arguments as before we have that 

[g.a^Ug^Ph){'^i^QAB^'Bpi)^ X/t(q=s(n) P^) ~ 9■o-'^Ug'^ph- 

□ 

One may ask if the element y = '^i^q '^t(i)=s{g) Pg Proposition 

2.4 is the identity of Imp, but the next proposition answers this question in the 
negative. 

Proposition 2 . 5 . The element y = X]«gg St(0=s(5) Ps anni- 

hilator of A2, the right annihilator of Ag and the right annihilator of Ag. 

Proof. Let g.a'^Ug'^ph G A2. Then 

yi.9■B^Ug'^Pk) lij)ll'Ut(q)(1) 

By the fact that {g, h) ^ G2, then (1) = 0. Next, let a'^Ug'^ph. Then 

{^afug'^Ph)y = (^afug'){f^j^^gl.XB^^dfik-^,t{i)'Bt[i))'^dk,nPk- ( 2 ) 


Following the same arguments presented in Theorem 2.2 we have that (2) = s{g) .a']i,Ug‘ii,ph. 
Since a G Bi, for some I G G and s{g) 7 ^ t{g), then s{g).a'^Ug'^ph = 0. By similar 
arguments we show that Agy = 0. □ 



Now, we are ready to prove the second main result of the paper. 

Theorem 2.6. There exists a subalgebra S of A'^KG'^KG* that contains an unital 
subalgebra S' such that S = S' (B T as K-algebras and an ideal D of A'^KG^KG* 
such that A^KG^KG* =D®S. 

Proof. By the Propositions 2.3 and 2.4, S = Imip contains an unital subalgebra 
S' = Ai + At + Aiq. Now, applying the Propositions 2.4 and 2.5 we obtain that 
S = {Ai + Ay + Aio) © (A 2 + Ag + Ag) as iP-algebras. So, by Theorem 2.2 we have 
that AjjiPGjJiPG* = S ® D, where D = Kercp. □ 

Remark 2.7. By Theorem \2.(A the map : AjJiPGjjiPG* —)■ End{A'if,KG) given 
by ip{a'^Ug'^ph){b'^ui) = {a'^Ug){b'^ph ui) induces the following exact seguence of 
K-algebras 

A^KG^KG* cp{S) 0. 

Next, we present an example where we apply our results. 

Example 2.8. Let G = {t{g), s{g),g, g~^} be a groupoid with Go = {t{g), s{g)} such 
that s{g) 7 ^ t{g) and B = Kei © Ke 2 © Ke^, where K is a field and ei, 62 , eg are 
pairwise orthogonal central idempotents with sum 1^. ITe define the action of KG 
as follows: g.{aiei + <3262 + 0363 ) = 0162 + 0261 + 0361 , g ^(ciiei + <3262 + 0363 ) = 

0162 + 0261 + 0362, t{g)\Kei®Ke 2 = ‘IdRei^Ke^ = s{g)\Kei®Ke 2 , = 0.^2 O^nd 

s{g){aeTi) = aei. 

By Theorem 2.2 we have that A^ = A^(g)jlM^(g)jJps( 3 )+^^(g)K( 9 )tlP 9 +^t( 9 )K(s)tlPi( 3 ) + 

At(g) jjPg-l , A 2 Ag(^g'^'^Ug-i'^Pg ® As{^g')'^Ug-l'^Ps[g) S Apg'^'^U g'^ P pg'j P Apg'^'^U g'^ P g-i , 

^3 s{g)^Pt{g) "P^sig)tl^s(g) ■^s{g)^'^t{g)^Ps{g) ©^s(9)tl^t(9)tlPs'4“^s(g)tl^gtlPs(9)4~ 

■^s{g)'^'^g^Pg © ■^s{g)'^'^g'^Pt{g) © © ■^t{g)'^'^s{g)'^Pt{g) © © 

^t{g)'^Ut[g)'^Ps{g) © ^i(g)tl'^t(9)tlP9 © ^t{g)'^Ug-l'^Pg-l + Apg'^'^Ug-l'^ppg) © ^s{g)'^Ut{g)'^Ps{g); 

Aa Ag(^g'^‘^Upg'^‘^ppg'^ + A^ (gi) jlllj (gi) jJPgi - 1 © Apg'^‘^U g(^g'j‘^ p g(^g'^ © A^ (gi) jllls (g) jjp^ (g), Ag 
^s{g)^'^g^Pt{g) © -^s{g)^'^g^Pg~^ © ■^t{g)^'^g~^^Ps{g) © ^i(g)tlPg• 

Thus, Kerp = Ag © A 4 © Ag, Imp = ©(Ag © A 2 ), y = glA'^,Ut{g)Pt{g) © 
glB'Aut(g)^Pg-i © g~^lB'Aug^g)'APs{g) © g~^lB'Aug^g)'APg is the identity of element of A^ 
and 3 /A 2 = 0. Moreover, we have the following exact seguence 

0 —)■ Kerp —)■ A'^KG'^KG* —)■ Imp —)■ 0 
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Accordingly (j5j, Section 2) an action of a groupoid G on a A'-algebra T is a 
pair (3 = {{Eg)g^Gi {/^glgec); where for each g E G, Eg = Egg-i is an ideal of T and 
f3g : Eg-i —)■ Eg is an isomorphism of rings satisfying the following conditions: 

(i) /9e is the identity map Ie^ of E^, for all e G Go, 

(ii) (3g(3h{r) = (3gh{r), for all (^f, h) E G 2 and r G Eh-i = -E(g/i)-i. 

Let (3 = {{Eg}g^G) {/SglgGc) be an action of G on a iL-algebra T. Accordingly 
m, Section 2), the skew groupoid ring T G corresponding to (3 is dehned as 
®g^GEg5g, ill which the (5g’s are symbols, with the usual sum and multiplication rule 


{x5g){y5h) 


xl3g{y)5gh, if {g,h) E G 2 
0 , otherwise 


Now, we are ready to study a relationship between our description and the one 
obtained in ([5], Section 5). 


Theorem 2.9. LetG be a finite groupoid, {3 = ({i?g}ggG, action ofG on 

B. Suppose that B is a weak KG-module algebra and consider the same assumptions 
of Theorem 2.2. Then we have the exact sequence 


G\^KG* -E (p(^(G)) ^ 0 

where Di = ®(^g^h)^G2Egdg'^Ph, G = ®(g,h)eG2EgSh'\\Ph and ^ : B G'^KG* -E- 
B^KG^KG* is defined by '^(ugSg'^ph) = Ug'^Ug'^ph. 

Proof. First, we easily have that Di = kenp o ip. By m, Proposition 5.1), 

B G^ATG* = G © Di 

and we have that {p o \ 1 ')(A GjjiFG*) = p{'^{G © Di)) = (p(\h(G)). It is not 
difficult to see that tk(G) C Ai + A2 + A3. 

We claim that \h(i?o) = Ai, where Bo = ®(g,h)GG 2 A 9 )=t{ 9 )^ 9 ^ 9 ^Ph- In fact, for 
each element g.a'^Ug'^ph E Ai we have that ^{g.adg'^ph) = g.a'^Ug'^ph which implies 
that Ai C ^[Bq). The other inclusion is trivial. Hence, \h(i?o) = Ai is an algebra 
with identity. 

□ 


Using Theorem 12.91 and ([5], Theorem 3.7) we have the following result. 
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Corollary 2.10. With the same assumptions of Theorem A2.9[ we have that 


= {g.a'^Ug'^ph\{g, h) e G 2 and s{g) = t{g)} 
is an homomorphic image of an matrix algebra. 
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